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Abstract

This study focuses on the stability of power system based on codimension‐two bifur-

cation theory. In this paper, we investigate the impact of load modeling on permissi-

ble wind power generation margins in distribution networks. The study considers

codimension‐two bifurcations of equilibria and limit cycles in wind power systems

depending on varying two parameters simultaneously. The principle parameter is

the wind power generation, and the other parameter depends on the different types

of loads. The types of loads are ZIP, exponential recovery, dynamic induction loads,

and composite load models. To study the effects of the induction motor loads, the

proportion of the static component in the motor load is changed and assessed with

respect to their mechanical loads. Wind generation margin boundaries are traced,

and saddle‐node, Hopf, and limit‐induced bifurcation branches are obtained,

delimiting the stable and unstable operating regions in the parameter space. The anal-

ysis presented in this paper can pave the way for determining methods for improving

and monitoring these margins with consideration to the system parameters and load

composition.
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1 | INTRODUCTION

In modern power systems, the increasing level of wind power penetration has imposed new challenges to transmission and distribution system to

maximize the use of power, while maintaining high levels of reliability and security of the system. Despite the advancement in wind turbine tech-

nology and improvement in active control systems for transmission and distribution networks,1,2 grid voltage stabilization is still the prime concern

for system operators. In many studies, the risk of voltage collapse is used as an indicator for permissible wind penetration level. For distribution

networks, many identified problems are related to the load representation in simulation tools. One aspect is that distribution network loads rep-

resent the behavior of different end‐user components. Therefore, it may exhibit complex static and dynamic responses to system disturbances.
ible wind power generation margins in distribution networks.

and limit cycles in wind power systems depending on two parameters varying simultaneously. The principle parameter is the wind

the different types of loads.

oads are assessed with respect to their mechanical loads. Wind generation margin boundaries are traced, and saddle‐node, Hopf, and

ing the stable and unstable operating regions in the parameter space.
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Drive loads in power system are quite diverse and complex, which intensifies nonlinear dynamic characteristics. Bifurcation theory is an effective

tool to investigate the structural stability of nonlinear dynamic systems.

A composite load structure has been recommended by Western Electricity Coordinating Council (WECC) standards,3 consisting of multiple

loads connected to a single bus, namely, static, motor, and dynamic with exponential recovery load as shown in Figure 1. Although such composite

load structures augmented to wind farm models may complicate the overall system simulation model. Many studies4-6 have shown the importance

of such detailed modeling in improving the reliability of simulation. Researchers have investigated7-17 the voltage stability in distribution networks

integrating wind farms, using different load model representations. Khlifi7 has shown that voltage instability occurred only due to the presence of

the induction motor load. In Gu et al,8 the line current of the IEEE 39 bus system with exponential and ZIP models has a more serious negative

impact on voltage stability than the other limitations taken into account. In Zheng et al,9 the authors have shown that power system stabilizers

may remove the Hopf bifurcations (HBs) and improve the system stability with large‐scale variable‐speed wind turbines. In Linh et al,10 an efficient

method has been presented for determining the maximum permissible PQ loadability of a distribution network for wind power generation. In Saïdi

et al,11 the authors have used wind generation as a bifurcation parameter for determining the stability margin, based on static and dynamic con-

tinuation power flow (CPF) techniques. The study in Toma et al12 has demonstrated that voltage dependency of load has increased the saddle‐

node bifurcation point, but with the cost of much lower voltage values at system buses. In all the above studies, most of wind power system volt-

age stability studies carried out by using bifurcation theory are single‐parameter bifurcation analysis.

A power system is basically a multiparameter nonlinear dynamic system. This leads a complex behavior, and a consensus is still lacking

about the mechanisms of voltage instability in a power system. A detailed information about the effects of load characteristics on the voltage

stability is of significant theoretical value. Very few researches, without detailed analysis, are mentioned in literature18 that involve two‐

parameter bifurcation analysis of wind power system. In Shaofeng et al,19 studies shows that multiparameter bifurcation needs more compu-

tation for system parameters to the power system voltage stability in comparison with single‐parameter analysis. In earlier studies, researchers

had mainly implemented a multiparameter bifurcation analysis method. The effects of single load parameters on the bifurcation point under the

codimension‐one condition have been explored, and voltage instability has been analyzed. In order to reflect the voltage instability mechanism

and margin more accurately, the overall considerations including multiple parameters should be taken care. In the previous studies,20,21 the

effects of load characteristics on voltage instability have been studied based on codimension‐two bifurcation analysis method by changing

the fraction of the static component in the polynomial load model. The bifurcation points have been searched using a multiparameter bifur-

cation theory. It has revealed various phenomena that cannot be found using one‐parameter bifurcation theory. Multiparameter bifurcation

theory has been proposed in previous studies.22,23 The active and reactive power of the bus bar have been used as the bifurcation parameters

to study system stability in a two‐generator and five‐test bus system. Ma et al24 have inferred that a surge in reactive compensation in wind

power farms could remarkably quash saddle‐node bifurcation (SNB) and thus improve the system's injection power limit. Li et al25 have found

that a delay in oscillatory instability of HB for wind power farms could be achieved by increasing line admittance. Jiang et al26 have applied

multiparameter bifurcation theory to analyze a multimachine power system and resolved that the oscillatory instability could not be delayed

always by increasing the excitation reference voltage of any generator in the system. Whereas, using static VAR compensators (SVCs) as a

supplementary control can favorably increase the system damping, delay the HB point, and significantly increase the system's dynamic load

margin.

In this paper, we utilize a composite load model for assessing wind power penetration in a distribution network. The composite load comprise

of static, dynamic, and exponential recovery load components are described in Section 2. Moreover, motor loads are assessed with respect to their

mechanical loads, and the wind farm consists of variable speed induction generators that are also presented in Section 2. Section 3 presents two

models of the network: a differential algebraic equation (DAE) model with a voltage‐dependent static load and a DAE model with a fully dynamic

load. Section 4 analyzed codimension bifurcation using the developed differential algebraic representation, and the study is based on the deter-

mination of bifurcation points. Section 5 describes the proposed assessment methodology. Simulation results, comparison for the four models

in terms of permissible wind penetration, and discussions are presented in Section 6. The bifurcation points indicate the load‐generator dynamic

interaction and the network permissible wind power penetration. Finally, conclusions are relegated to Section 7.
FIGURE 1 A nonlinear distribution network structure and its composite load model
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2 | MATHEMATICAL DESCRIPTION OF THE POWER SYSTEM AND COMPOSITE LOAD MODEL

The WECC load modeling task force3 has made perennial efforts in developing a composite load model that can represent the behavior of differ-

ent end‐user components in power systems. Composite load responses are typically dominated by the dynamic behavior of LTC transformers,

induction motors, and thermostatically controlled loads. The modeling structure of the composite load model recommended by the WECC load

modeling task force is illustrated in Figure 1. The composite load is a combination of static and dynamic load components. It consists of an induc-

tion motor load with a constant PQ load in parallel3,27 with an exponential recovery load and a ZIP load. The total power consumed by the com-

posite load is given by,

Pcomp ¼ PZIP þ PIM þ Prec (1)

2.1 | Mathematical description of the wind generator and network models

The wind turbines are based on DFIGs. These are represented by a reduced‐order model with internal electromotive forces, given as E′ ¼ E′eiδ,

with a transient reactance28 and is widely applied in the investigation of power systems. A simplified model for the dynamics of the control loop

converter can be employed.11,29 The converter is modelled by an ideal current source. The direct current ird is used for the rotor speed control,

whereas quadrature current irq is used for the voltage control. The pitch angle θp is used for maximum power control. Single‐mass model is used

to represent inertial dynamics of all rotating masses. The magnitude and the angle of the internal generator voltage E'and δ, the rotor currents (ird,

irq), the pitch angle θp, and the rotor slip sD are the state variables.

The distribution lines and transformers are modeled with a common branch model, consisting of a standard π transmission line with a transfer

admittance given as ¯ij = Gij+jBij and an equivalent charging admittance, ¯Cij = GCij+jBCij. The LTC controls the secondary voltage allowing the tap

ratio to change in steps with step‐size Δm. The step change represented by the discrete model mention in Milano,30 and given as below:

mkþ1 ¼ mk þ ΔmR (2)

The relay type function R is given as

R ¼ 1 if u − uref≻Δu−1 if u − uref≺−Δuf (3)

Here, u is the input voltage; uref is the reference voltage, and Δu is the error tolerance. For the transformer, the π‐model parameters are functions

of the transformer tap ratio m and the impedance¯T+jxT. They are given as Yij ¼ m=z, YCij ¼ 1 −mð Þ=z, and YCji ¼ m 1 −mð Þ=z.

2.2 | Mathematical description of the composite load model

In the composite load model, to obtain greater control over the parameters of the dynamic and static characteristics, the static load model ZIP is

connected in parallel with the induction machine as shown in Figure 1. P1+jQ1 is the static load, and Pd+jQd is the load of the dynamic induction

motor.

2.2.1 | Static load model

Usually power consumption by static load models is dependent on voltage and frequency. The voltage dependency is articulated in a polynomial or

exponential form and frequency dependency in linearized form. These two dependencies are multiplied and given as Equations (2) and (3). This

model known as the ZIP model.31

Pzip ¼ Po a1
V
Vo

� �2

þ a2
V
Vo

� �
þ a3

" #
1þ afPΔfð Þ (4)

Qzip ¼ Qo b1
V
Vo

� �2

þ b2
V
Vo

� �
þ b3

" #
1þ afQΔfð Þ (5)

where,Vo,Po, and Qo are the nominal operating conditions of the system; αfP and αfQ are the frequency dependency parameters. The coefficients

ai = 1,2,3 and bi = 1,2,3 are the load model parameters and satiating the equality, a1+a2+a3 = b1+b2+b3 = 1. They specify the division of nominal power

into constant power, constant current, and constant load impedance components. Similar relation is valid for the reactive power. The values for

the coefficient of the model for different load components are available in the previous studies.16,17,31-50
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2.2.2 | Dynamic load

The use of static instead of dynamic motor models is commonly suspected to be a major source of errors in simulation results. The dynamic load

models considered in our work are the induction motor and exponential recovery load. They are discussed below.

Machine load

The squirrel cage induction machine (SCIM) model has been considered, and its steady‐state equivalent circuit is shown in Figure 2. In stability

analysis, the SCIMs are modeled by reduced‐order model neglecting the stator flux dynamics.32 The model can be represented by transient voltage

source lagging behind transient impedance as shown in Figure 2.

Major portion of the dynamic loads of a power system constitutes SCIMs. The influence of these machines on transient voltage stability is con-

sidered to be noteworthy.33 The studies in Borghetti et al34 have described the induction machine model used in power system voltage stability

studies. The stator flux linkage transient is neglected (ψqs = ψds = 0). This reduces the fifth‐order model to a simplified third‐order model (Figure 3).

The dynamic behavior of the induction machine is described by following three nonlinear differential equations:

_E′d ¼ wbsE
′
q − E′d þ Xo − X′

� �
Iq

� �
=T′

o

_E′q ¼ −wbsE
′
d − E′q − Xo − X′

� �
Id

� �
=T′

o

_s ¼ Tm sð Þ − Teð Þ= 2Hmð Þ
Vsd − E′d ¼ RsIsd − X′Isq

Vsq − E′q ¼ RsIsq þ X′Isd

(6)

and the two stator algebraic equations as given by equations:

_E
0
d ¼ ωbsE

0
q − E

0
d þ Xo − X

0� �
Iq

� �
=T

0
o

_E
0
q ¼ −ωbsE

0
d − E

0
q − Xo − X

0� �
Id

� �
=T

0
o

_s ¼ Tm sð Þ − Teð Þ= 2Hmð Þ
Vsd − E

0
d ¼ RsIsd − X

0
Isq

Vsq − E
0
q ¼ RsIsq þ X

0
Isd

(7)

where,

Xo ¼ Xs þ Xm;

X′ ¼ Xs þ XrXm=Xr þ Xmð Þ;
T′
o ¼ Xr þ Xmð Þ=ωbRr

(8)
FIGURE 2 Induction machine model

FIGURE 3 Third‐order equivalent circuit of the induction machine model
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where E′d and E′q are the direct and quadrature axis voltages. X′ is the transient reactance and Xo the rotor open‐circuit reactance. T′
o is the rotor

open‐circuit time constant. s is the slip of the motor. Hm is the inertia constant of the machine. ωb is the angular velocity of the stator field in rad/s.

Xs is the stator reactance, and Xr is the rotor reactance. Xm is the magnetizing reactance. Rs is the stator resistance, and Rr is the rotor resistance. Te

is the developed electrical torque, and Tm is the per unit mechanical load torque. Isd and Isq are the d‐ and q‐axis components of the stator current,

respectively. Vsd and Vsq are the terminal direct and quadrature voltages in the d‐q reference frame.

In order to introduce flexibility of the model, according to Khlifi et al,35 the mechanical torque equation depends quadratically on the speed as

given in Equation (6):

Tm ¼ aþ bωþ cω2 þ dωαm (9)

Here, ω is the angular velocity with respect to a synchronous reference.

αm is the speed torque sensitivity coefficient.

a, b, c, and d are the model coefficients of the machine torque model satisfying the condition c = 1 − (a+b+d).

Exponential recovery loads

The electrical heating loads constitute lighting, heating, and motors plus some levels of transformer tap changing. Power system voltage stability is

significantly influenced by the massive amount of electrical heating loads. Karlsson and Hill36 have studied critical effect of electrical heating loads

on power system voltage stability and proposed a load model with exponential recovery.

Load restoration procedure is the dynamic behavior of various loads and controllers. This procedure restores load power to a certain level

closed to its nominal value. Since loads draw more power during this procedure, voltage instability occurs. To self‐restoring load, load state var-

iable modeled with an exponential type of voltage characteristics is added to the transient behavior.

Active and reactive powers have a nonlinear dependency on voltage. A set of nonlinear equations represents the model. The dynamic model

for the active power is given as,

x
:
p ¼ −

xp
Τp

þ P0
v
v0

� �xs

−
v
v0

� �xt
 !

(10)

p ¼ xp
Τp

þ P0
v
v0

� �xt

(11)

where
P
 actual active consumed by the load;
P0
 nominal load power consumption;
v0
 reference voltage;
Tp
 active power recovery time constants;
xp, xq
 state variables of load dynamics;
αs, αt
 steady‐state and transient active power voltage dependency factors.
Similar equations hold for the reactive power Q also. The load behavior is thus characterized by a time constant Tq and transient and steady‐

state load‐voltage dependence parameters βt and βs. Tp represents the time that the power recovery needs to reach 63% of its final value αs, or the

steady‐state load‐voltage dependence quantifies how much load has been restored after the recovery; a value equal to 0 means a fully restored

load, while a value other than 0 indicates partly restored load. Furthermore, the parameter αs representing steady‐state voltage dependency may

have negative values.

Due to system disturbance, there is drop in the voltage. This voltage drop starts the transient and the power drop instantaneously. As soon as

power drop, the load state variable xp and xq start recovering the power to its nominal values.37,38
3 | SYSTEM DIFFERENTIAL‐ALGEBRAIC MODEL

A set of differential algebraic equations is used to represent the overall distribution network incorporating synchronous generators, DFIG‐based

wind farm, transmission lines, transformers, composite loads, and other control devices/systems, as discussed above. The rest of the system is rep-

resented by an infinite bus. The DAE has the general form that belongs to a class of nonlinear systems, as follows:

x
: ¼ f x; y; λw; λLð Þ (12a)
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0 ¼ g x; y; λw; λLð Þ (12b)

The nonlinear function f is directly related with the state variable x, and signifying the system differential equations, such as the dynamic state

variables of the DFIG wind turbine and its controls and of the composite load dynamics and system controllers. The nonlinear function g charac-

terizes the system nonlinear algebraic constraints. It typically results from neglecting fast dynamics and comprises of the wind generator stator

voltages/currents in the subvector (ystat) and the network voltages/phase angles in the subvector (ynet). The vector x given above has three par-

titions. The first partition pertains to the wind generator model, the second motor load, and the third represents the exponential recovery load.

Since bifurcation theory is an outstanding tool of researching on voltage stability, it has been extensively applied in examining the power sys-

tem voltage stability. For diverse characteristics of active components, such as wind power generation and changes in load parameters in power

system, analysis methods of bifurcation are fragmented into single‐parameter, two‐parameter, and multiparameter according to the number of

bifurcation control parameters. This paper presents a research study on voltage stability using two‐parameter bifurcation analysis method.

The principle control parameter is the wind power generation λw; the other bifurcation parameter is the composite load parameter vector

defined as,

λL ¼ λzip λmot λrec
� �T

(13)

The motor load bifurcation parameter λmot is the vector of the motor torque model coefficients of the per unit component of mechanical motor

torque Tm, λmot = [a, b, c, d] as given in Equation (9). λmot = a,b,c,d. The algebraic stator equations in (12a) to (14) express the voltage‐current rela-

tionship. The network equations given below in (14) express the nodal power balance, among the generationPGi+jQGi, the power consumption

PLi θ;V; λLð Þ ¼ PZIP
i þ Pmot

i þ Prec
i , and injection, at each bus,

Pi − PGi
− PZIPi þ Pmot

i þ Preci

� 	� � ¼ 0

Qi − QGi
− QZIP

i þQmot
i þ Qrec

i

� �h i
¼ 0:

(14)

where Vi ∠ θi is the nodal complex voltage of the ith bus. Yij ¼ Gij þ jBij is the transfer admittance; YCij ¼ GCij þ jBCij is the equivalent charging

admittance and θij = θi − θj.

The system's equilibrium point constitutes the nominal points (x0, y0, λL0) satisfying Equations (12a) and (12b), can be written as

0 ¼ f x0; y0; λ0ð Þ
0 ¼ g x0; y0; λ0ð Þ (15)

Consequently, the equilibrium solution manifold can be inferred as

λ ¼ x; y; λð Þ= f x; y; λð Þ ¼ 0; g x0; y0; λ0ð Þ ¼ 0f g (16)

The x and y vectors have the form given below:

x ¼ E
0
δ sD ird irq θp⋮E

0
d E

0
q s

m⋮xp xq
h iT

¼ XD� 	T
Xmð ÞT XR� 	Th iT

(17)

y ¼ IDd IDq VD
d VD

q Imd Imq Vm
d Vm

q ⋮θ1⋯n V1⋯n

h iÂT
¼ yTstat y

T
net

� �T
(18)

For small signal stability analysis, the DAE set ((12a) and (12b)) is linearized at a steady‐state operating point, yielding the system Jacobian

matrix Jsys as defined in (19):

Δ _XD

Δ _Xm

Δ _Xrec

⋯

0

0

2
6666666664

3
7777777775
¼

fDD fDM fDR

fMD fMM fMR

fRD fRM fRR

⋮ fD;ysta fD;ynet

⋮ fM;ysta fM;ynet

⋮ fR;ysta fR;ynet

… … …

gSt ;XD gSt ;Xm gSt ;Xrec

gPQ;XD gPQ ;Xm gPQ ;Xrec

⋮ … …

⋮ gSt ;ysta gSt ;ynet

⋮ gPQ;ysta gPQ ;ynet

2
666666666666664

3
777777777777775

ΔXD

ΔXm

ΔXrec

…

Δysta
Δynet

2
6666666664

3
7777777775

(19)

where f pq is the Jacobian of the vector Xp with respect to the vector Xq; p and q take values D, m, R, θ, and V. Also, Δ designates a small incre-

ment in corresponding variables. The variables g(.) correspond to the algebraic equation. Let us define
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gy ¼
gSt;ysta gSt;ynet
gPQ;ysta gPQ;ynet

" #
(20)

From Schurr's theorem,38 if gy is invertible, ie, nonsingular along a solution path of Equation (19)), an equivalent reduced dynamic system may be

obtained as follows:

Δ x
: ¼ fx − fygy

−1gx
� 	

:Δx ¼ Jred:Δx (21)

Singularity‐induced bifurcation (SIB) occurs in the system as soon as det (gy) is equal to zero. For the dynamic bifurcation phenomenon, it is always

assumed that det (gy) is not equal to zero and that gy
−1 exists.39 Dynamic voltage stability analysis is performed by analyzing the characteristic root

of the system state's Jacobian matrix Jred.

Under the assumption of small deviations in the dynamic state variables, and in generator terminal voltage settings, the load flow model JLF is

obtained as

JLF λw; λLð Þ ¼ gPQynet ¼
gPθ gPV
gQθ gQV

" #
(22)

The first derivatives of the power mismatch Equation (14) with respect to voltage magnitudes and angles:

JLF λw; λLð Þ ¼ Jo − JZIP þ Jrec
� �

(23)

whereJois the Jacobian matrix with constant power loading and JZIPand Jrec are the Jacobians associated with voltage dependent load components:

JZIP ¼

0 L 0

M O 0

0 0 0

JZIPP1
0 0

0 O 0

0 0 JZIPPN

0 L 0

M O M

0 0 0

JZIPQ1
0 0

0 O 0

0 0 JZIPQN

2
6666666666664

3
7777777777775
Jrec ¼

0 L 0 JrecP1
0 0

M O 0 0 O 0

0 0 0 0 0 JrecPN

0 L 0 JrecQ1
0 0

M O M 0 O 0

0 0 0 0 0 JrecPN

2
6666666664

3
7777777775

(24)

JZIPP1
¼ Poi

Voi
2a1i þ a2ið Þ; JZIPQ1

¼ Qoi

Voi
2b1i þ b2ið Þ; JrecP1

¼ αPt
Poi
Voi

V
αPt −1
i ; JrecQ1

¼ αQt
Qoi

Voi
V
αQt −1
i (25)

4 | ANALYSIS OF CODIMENSION BIFURCATION

Bifurcation theory analyses the quantitative and qualitative information about the behavior of a nonlinear system close to bifurcation equilibrium

points with changes in system parameters.40 The parameters are assumed to change “slowly,” so that the system can move from one equilibrium

point to another equilibrium point with these changes. Therefore, bifurcation analysis is usually associated with the study of equilibria of the non-

linear system model.41

In power systems, SNBs and some types of limit‐induced bifurcation (LIBs) are characterized by the local integration and loss of power flow

solutions with gradual changes in certain system parameters, mostly system demand. This phenomenon has been associated with VS problems.41

These kinds of bifurcations are also referred as “fold” or “turning points.”

Locating the saddle‐node and HBs by computational approaches comprise continuation and direct methods. The equilibrium conditions of the

nonlinear system given in Equations (12a) and (12b) are obtained with the simplified expression of f (x, λ) = 0.

An approximate bifurcation point is attained with application of continuation method. Later, direct method is applied to obtain more precise

single‐parameter bifurcation point. Thus, information of the middle process during parameter fluctuation and precise solution of the bifurcation

point are acquired. On the basis of the above foundation, tracking of two‐parameter local bifurcation boundary turn into an easy task. To trace

static bifurcation (here means the SNB points) that the equilibrium prevalence satisfies42 (Equation 12a), it is assumed that single‐parameter bifur-

cation points of Equations (26a) to (26c) have been attained in line of abovementioned belief.

SNBs occur when static voltage collapse or angle instability may occur. It leads to singularity of the reduced state matrix Jred. Jred has zero

eigenvalue, with nonzero eigenvectors.43 In practice, SNB occurs when two equilibrium points, typically one stable and one unstable, merge

together and appear as the parameter λ. PV curves illustrated in Figure 4A,B with slow change in λ, where VGi and QGi stand for a ith generator

terminal voltage magnitude and reactive power, respectively.



FIGURE 4 Main bifurcations observed in PV curves: (A) SNB without QG limits and (B) LIDB followed by an SNB
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Mathematically, SNB is found by solving the set of equations,

F x; yð Þ ¼ 0 (26a)

Fxv ¼ 0 or wTF ¼ 0 (26b)

‖v‖ ¼ 1 or‖w‖ ¼ 1 (26c)

where v,w ∈ RNwhere ν,wϵRN is the right and left eigenvector of the Jacobian matrix. Equations (26a) and (26b) ensure the nontrivial condition for

F at an equilibrium point defined by (12a). The problem is solved with Newtown‐Raphson algorithm. The neighboring equilibrium point adjacent to

the SNB point is obtained by solving Equation (27):

F x; yð Þ ¼ 0

Fx − εIð Þv ¼ 0
(27)

where ε is a small real number,

I is the identity matrix of the same order as the Jacobian F x.

It is evident that the bifurcation point is obtained with ε = 0.44 Beyond this SNB point, these equations have no real solution. But it is deter-

mined through the continuation methods or the so‐called direct methods. The basic idea of the proposed method is an extension of SNB point by

one‐parameter and continuation method. The nonlinear equations which express SNB point are solved and traced with the help of continuation

method with two parameters resulting in tracing out two‐dimensional bifurcation of the system.

HBs occur when Jred has a pair of conjugate eigenvalues crossing the imaginary axis while the other eigenvalues have negative real parts, and

an unstable oscillatory behavior may occur.25 It is desirable to design compensator to ensure a sufficiently large margin to HB. The margin is often

expressed in a parameter space that includes load powers and controllable or tunable parameters. The margin is measured assuming a direction of

load increase with continuation software.

HB can be computed by solving the equations given below.

F x; yð Þ ¼ 0

‖v‖ ¼ 1

JTs x; yð Þv′þ wv″ ¼ 0

JTs T x; yð Þv″þwv′ ¼ 0

(28)

where the system Jacobian JTs is the reduced form of JTs ¼ f fx − fygy
−1gx

� 	
,

where 0 ± jw are the eigenvalues corresponding to the HB, and v = v ′ ± jv″ are the corresponding left side eigenvectors. The last equation is

the nontrivial condition. It is solved with Newton Raphson optimization method. These two approaches belong to the direct method. With respect

to two‐parameter bifurcation analysis of HB, based on continuation method, only tracking of two‐dimensional bifurcation boundary in power sys-

tems has been reported.45

In Slimene and Khlifi,46 two‐parameter bifurcation analysis has been conducted on a typical power system model. The SNB curve and HB curve

have been obtained in parameter space considering active and reactive load effect on voltage stability. Iterative Newton expansion equation has
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been proposed to solve HB in Li.47 This method not only avoids the SNB system Jacobian matrix at the vicinity of bifurcation point singularity but

also overcomes difficulty of selecting initial value, and the computing speed was improved.

Two‐parameter bifurcation analysis of power systems is mainly based on SNB and HB, so other types of bifurcation and its two‐parameter

bifurcation analysis are severely needed. Although the research on two‐parameter bifurcation analysis is still in its infancy stage, the importance

of two‐parameter bifurcation analysis is not in doubt.

Studies showed that in comparison with single parameter, analysis of multiparameter bifurcation reveals further significant effects of system

parameters to the power system voltage stability.
5 | ASSESSMENT METHODOLOGY

The study is based on defining four system models by combining the wind DFIGs with different load models: static ZIP, exponential recovery,

induction motor, and composite load model. The model parameters and variables are given in Table 1. The stability of an equilibrium point and

associated local bifurcations are determined from the eigenvalues of the reduced system matrix Jred mentioned in (Equation 21).

Standard PV curves are based on CPF algorithms applied to the combined system of algebraic and differential equations. The DAEs are solved

using a pseudoarclength continuation strategy48 allowing detection of limit points and bifurcation points as functions of a system parameter. A

scalar coefficient λG is used as a bifurcation parameter for wind power increase with respect to nominal power, Pw = λGPw0. For the slack bus,

which is assumed to be the high voltage feeder, its generation is not multiplied by λG, and thus, it can reverse its flow for high wind power pen-

etration. The DFIGs are modeled as PV generator buses operated in voltage‐controlled mode, with a power factor of about 0.95. The simulation

tool is the Power System Analysis Toolbox (PSAT).30 The original continuation power flow program has been modified to incorporate the wind

power rather than the loading factor, as a bifurcation parameter.

A bifurcation diagram illustrates the long‐term qualitative (periodic orbits or fixed points/equilibria) changes of a system as a function of system

bifurcation parameter. A bifurcation diagram illustrates the complete dynamics of the system with the parameter variation. Wind power genera-

tion (λG) and loading factor (λL) are taken as bifurcation parameters to study the complete dynamics of the system.

Figure 5 demonstrates the bifurcation analysis procedure using PSAT. The primary task of acquiring codimension‐two bifurcation points is to

find the one‐dimensional equilibrium solution iteratively. The iterative equilibrium solution can be expressed as in Equation (16).

Equation (16) is the curve defined by an n‐dimensional variable x in (n + 1)‐dimensional space. The iterative equilibrium solution is calculated

using the continuation algorithm, ie, a series of points (xi, λi), i(1,2,3, ….) along the direction of parameter variation are acquired through prediction

and calibration from an initial point (x0, λ0). The normal equation is parameterized, and the bifurcation points are attained through prediction, cal-

ibration, and step‐size tuning.
6 | SIMULATION RESULTS

The study model is a five‐bus, 30‐kV distribution network consisting of a wind farm injecting power via a 0.69/30‐kV step‐up transformer, then

connected to a common load bus 3, via a transmission line of ratio X/R≈ 1.5 as shown in Figure 6. The wind farm comprises of 25 × 2 MWDFIGs

represented at their common connection point by a single equivalent turbine, assuming uniform wind speed distribution and identical electrical

characteristics of all aggregated turbines.49 Step‐up transformers and collector system lines are aggregated as lumped parameters shown in

Figure 6. The system parameters of the DFIG are given in Appendix A. The distribution network is connected to a high‐voltage feeder via an

LTC, and a capacitor is installed at bus 4 to help the voltage control. The base load power is PLo = 50 MWwith a power factor of 0.833. This choice

is made so that the different load types are comparable in steady‐state base consumption. Accordingly, the motor load consists of three parallel
TABLE 1 Proposed study cases

Model Load Model State Space Vectors

Bifurcation Parameters

Principle
Other
Parameters

1 ZIP
x = [E', δ, sD, ird, irq, θp]

T, y ¼ IDd ; I
D
q ;V

D
d ;V

D
q ;θ1⋯n;V1⋯n

h iT λL = λzip λw

2 Exponential recovery
x = [E', δ, sD, ird, irq, θp, xp, xq]

T, y ¼ IDd ; I
D
q ;V

D
d ;V

D
q ; θ1⋯n;V1⋯n

h iT λL = λrec λw

3 Induction motor
x ¼ E

0
; δ; sD; ird; irq; θp; E

0
d; E

0
q; s

m
h iT

, y ¼ IDd ; I
D
q ;V

D
d ;V

D
q ; I

m
d ; I

m
q ;V

m
d ;V

m
q ; θ1⋯n;V1⋯n

h iT λL = λmot = a,b,c λw

4 Composite load
x ¼ E

0
; δ; sD; ird; irq; θp; E

0
d; E

0
q; s

m; xp; xq
h iT

y ¼ IDd ; I
D
q ;V

D
d ;V

D
q ; I

m
d ; I

m
q ;V

m
d ;V

m
q ; θ1⋯n;V1⋯n

h iT λL = λzip+λrec+λmot λw



FIGURE 5 Flow chart of the bifurcation method using Power System Analysis Toolbox (PSAT)

FIGURE 6 Test power system
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motors of 20 MVA rating each, with 0.833 power factor. Initial steady‐state operation with reduced wind power generation (Pw = 0.01 pu) is sim-

ulated and given in Table 2. It is noted that the load is supplied via the distribution feeder from the infinite bus. Voltages are maintained at the

DFIG and slack buses. At the PQ buses, the voltages remain at slightly lower values and slightly higher values at the LTC secondary bus.
6.1 | Static load model

Loading margin for various static load types (model 1 in Table 1), chosen to demonstrate the differences in static analysis, for a steady‐state wind

generation of 50 MW at 0.95 power factor as shown in Figure 7A. The industrial motor load exhibits lowest voltage profile and considerably

smaller loading margin. Highest voltage profile and loading margins are observed for the water heater load followed by the commercial load. It

is because water heater is having highest power factor resulting in no reactive power. On the other hand, large industrial motor exhibits lowest

power factor due to which it draws large reactive power. So reactive power is having close association with low margin; the larger the reactive
TABLE 2 System initial state with low wind power generation

Bus Bus 1 Bus 2 Bus 3 Bus 4 Bus 5

LF model PV PQ PQ PQ Slack

V (pu) 1.0 0.9990 0.9822 1.0129 1.0

PG (pu) 0.01 0 0 0 0.3029

QG (pu) 0.0120 0 0 0 −0.0491



FIGURE 7 Load bus voltage function of (A) load increase and (B) wind generation margins for different static load models [Colour figure can be
viewed at wileyonlinelibrary.com]
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power, the smaller the loading margin. Likewise, we tested the wind generation margins for different load types with fixed load parameters. The

bifurcation diagrams show different collapse points for the different loads as shown in Figure 7B. The water heater load exhibited the highest volt-

age profile and highest wind generation margin of about 3.5 pu, followed by the commercial load. The large industrial motor allowed only 2.6 pu

wind power generation margin. The explanation is the same as above.

Two‐parameter bifurcation diagrams are then obtained in Figure 8A,B, for the two extreme cases of water heater load and large industrial

motor load. We have chosen these two cases because they represent the limiting cases as is demonstrated in Figure 3A,B.

Figure 9A shows bifurcation lines in two‐parameter space for water heater load. The line for SNB is shown in red, LIB (I) in blue, and LIB (QG) in

green. From the figure, the SNB for the values λG: [0 → 0.5] λL is increasing from 1.8 pu to its maximum value λL,max = 2.05 pu at λG = 0.5 pu, and

for λG: [0.5 → 2.4], λL is drooping to its minimum value λL,min = 0.5 pu at λG = 2.4 pu. The LIB (I) for the values λG: [0 → 1.0] λL is increasing from

1.25 pu to its maximum value λL,max = 1.6 pu at λG = 1.0 pu, and for λG: [1.0→ 2.4], λL is decreasing to its minimum value λL,min = 0.5 pu at λG = 2.4

pu. The LIB (QG) for the values λG: [0 → 1.5] λL is increasing from 0.05 pu to its maximum value λL,max = 0.6 pu at λG = 1.5 pu, and for λG:

[1.5 → 2.4], λL is decreasing to its minimum value λL,min = 0.05 pu at λG = 2.4 pu.

Figure 9B shows bifurcation lines in two‐parameter space for large industrial motor load. The lines for SNB are shown in red, LIB (I) in blue, and

LIB (QG) in green. From the figure, the SNB for the values λG: [0→ 0.5] λL is increasing from 1.5 pu to its maximum value λL,max = 1.7 pu at λG = 0.5

pu., and for λG: [0.5→ 2.4], λL is drooping to its minimum value λL,min = 0.5 pu at λG = 2.4 pu. The LIB (I) for the values λG: [0→ 1.0] λL is increasing

from 1.05 pu to its maximum value λL,max = 1.3 pu at λG = 1.0 pu, and for λG: [1.0 → 2.4], λL is decreasing to its minimum value λL,min = 0.5 pu at

λG = 2.4 pu. The LIB (QG) for the values λG: [0 → 0.25] λL is constant at 0.1 pu, for λG: [0.25 → 1.0], λL is increasing from 0.1 pu to its maximum

value λL,max = 0.4 pu at λG = 1.0 pu; again, for the values λG: [1 → 1.5], λL is constant at 0.4 pu, and for λG: [1.5 → 2.4], λL is decreasing to its

minimum value λL,min = 0.05 pu at λG = 2.4 pu.
FIGURE 8 Two‐parameter bifurcation for load bus voltage; the principle bifurcation parameter is the loading margin. A, Case of water heater
load. B, Case of large industrial motor load [Colour figure can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


FIGURE 9 Bifurcation lines in two parameter space. A, Case of water heater load. B, Case of large industrial motor load [Colour figure can be
viewed at wileyonlinelibrary.com]
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The continuation of the SNB curve highlights that for small values of λG (less than 0.5 pu), the SNB point occurs at highest loading level values.

On the other hand, for wind generation levels over 2.0 pu, the SNB point occurs at smaller loading.

From the above analysis for SNB and LIB (I), first the increase in loading margin and then the decrease with respect to the incremental increase

in the generation margin are because of the thermal limit of the cable transmission line. For LIB (QG) with an incremental increase in λG, the loading

margin increases to its maximum value and then decreases. This increase in loading margin is due to reactive power supplied by the DFIG, and the

decrease in loading margin is because DFIG has reached its saturation limit of supplying maximum reactive power.
6.2 | Dynamic load model

6.2.1 | Exponential recovery load

For the exponential recovery load model, the coefficients are from Leung and Hill.37 PV curve method is used to analyze the effect of power gen-

eration margin on bifurcation points. A two‐dimensional bifurcation analysis is performed. Summation of the active power P1 and reactive power

Q1of the exponential recovery load is taken as the loading parameter λL, while the generation margin λG is taken as the second parameter for

bifurcation control.

Two parameter bifurcation diagrams are then obtained for the different possible values of λL and λG for thermostatic controlled load and

shown in Figure 10A. Figure 10B depicts bifurcation lines in two‐parameter space for exponential recovery load. The line for SNB is shown in

red, LIB (I) in blue, and LIB (QG) in green.

From the figure, the SNB for the values λG: [0 → 0.5] λL is increasing from 1.45 pu to its maximum value λL,max = 1.6 pu at λG = 0.5 pu; for λG:

[0.5 → 1.5], λL is decreasing up to λL = 1.3 pu at λG = 1.5 pu, and for λG: [1.5 → 2.1], λL is drooping to its minimum value λL,min = 0.7 pu at λG = 2.1

pu. The LIB (I) for the values λG: [0 → 0.5] λL is increasing from 1.1 pu to its maximum value λL,max = 1.25 pu at λG = 0.5 pu; for λG: [0.5 → 1.5], λL
remains unchanged at λL = 1.25 pu, and for λG: [1.5→ 2.1], λL is drooping to its minimum value λL,min = 0.65 pu at λG = 2.1 pu. The LIB (QG) for the
FIGURE 10 Two‐parameter bifurcation (A) and bifurcation lines (B) in two‐parameter space [Colour figure can be viewed at wileyonlinelibrary.
com]

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
http://wileyonlinelibrary.com
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values λG: [0 → 0.5] λL is increasing slowly from 0.00 pu to its a value λL = 0.1 pu at λG = 0.5 pu; for λG: [0.5 → 1.5], λL further increased up to its

maximum value λL,max = 0.25 pu at λG = 1.5 pu, and for λG: [1.5 → 2.1], λL is drooping to its minimum value λL,min = 0.05 pu at λ::G = 2.1 pu. The

continuation of the SN bifurcation curve highlights that for small values of Pw (less than 0.7 pu), the SN bifurcation point occurs at higher loading

level values. On the other hand, for wind generation levels over 0.8 pu, the SN bifurcation point occurs at smaller loading.
6.2.2 | Induction motor

Three dynamic motor loads are simulated for induction motor: Motor 1 has a constant torque load; motor 2 has a mechanical load with a strong

linear dependence on speed, and motor 3 has a load with a strong quadratic dependence on speed:
Motor 1:
FIGURE 11
[Colour figu
TL,1 = 0.3 (pu)
Motor 2:
 TL,2 = 0.07 + 0.16ω + 0.07ω2 (pu)
Motor 3:
 TL,3 = 0.05 + 0.08ω + 0.18ω2 (pu)
The parameter values of these three induction motor loads are taken from Lerm and Canizares.23 The dynamic interactions between each

motor load type and the DFIG wind farm are tested by the bifurcation diagrams.

Two‐parameter bifurcation surface (Figure 11) is shown for the different possible values of λL and λG for load of inductionmotor 1. Figure 12A to

12C is showing bifurcation lines in two‐parameter space for loads on inductionmotor 1, motor 2, and motor 3, respectively. For all these cases, LIB (I)

have not been detected. HB is observed only for loads on induction motor 1. The line for SNB is shown in red, LIB (QG) in green, and HB in blue.

From Figure 12A, the SNB for IM1 λL is increasing from 1.35 pu to its maximum value λL,max = 1.45 pu at λG = 0.5 pu and remains constant up

to at λG = 1.0 pu with λG: [0 → 1.0]. λL is drooping to its minimum value λL,min = 0.5 pu at λG = 2.3 pu with λG: [1.0 → 2.3]. The LIB (QG) λL remains

constant λL = 0.15 pu for the values λG: [0 → 0.5]; then, λL is increasing up to its maximum value λL,max = 0.40 pu at λG = 1.4 pu and droops down

to its minimum value λL,min = 0.00 pu at λG = 2.1 pu and remains at this value up to λG = 2.3 pu. The HB for IM1 λL is increasing from 1.35 pu and

reaching its maximum value λL,max = 1.45 pu at λG = 0.6 pu with λG: [0 → 0.6]. Further, λL is drooping to its minimum value λL,min = 1.05 pu at

λG = 1.4 pu with λG: [0.6 → 1.4].

From Figure 12B, the SNB for IM2 λL is increasing from 1.25 pu to its maximum value λL,max = 1.3 pu at λG = 0.5 pu and remains unchanged up

to at λG = 1.0 pu with λG: [0→ 1.0]. Further, λL is drooping to a value λL = 0.9 pu at λG = 2.0 pu with a sudden drop to its minimum value λL,min = 0.5

pu at λG = 2.05 pu with λG: [1.0 → 2.05]. The LIB (QG) λL remains constant λL = 0.15 pu for the values λG: [0 → 0.5]; then, λL is increasing up to its

maximum value λL,max = 0.325 pu at λG = 1.0 pu and remains unchanged up to λG = 1.5 pu with λG: [0.5 → 1.5]. Further, it decreases to its min-

imum value λL,min = 0.05 pu at λG = 2.05 pu with λG: [1.5 → 2.05].

From Figure 12C, the SNB for IM3 λL is increasing from 1.35 pu to its maximum value λL,max = 1.45 pu at λG = 0.5 pu and remains unchanged

up to λG = 1.0 pu with λG: [0→ 1.0]. Further, λL is drooping to its minimum value λL,min = 0.5 pu at λG = 2.3 pu with λG: [1.0→ 2.3]. The LIB (QG) λL
remains constant λL = 0.15 pu for the values λG: [0 → 0.5]; then, λL is increasing up to its maximum value λL,max = 0.40 pu at λG = 1.0 pu and

remains constant up to λG = 1.5 pu with λG: [0.5 → 1.5]. Further, its droops down to its minimum value λL,min = 0.01 pu at λG = 2.1 pu and remains

at this value up to λG = 2.3 pu.

For LIB (QG), loading margin remains constant during initial increase in λG. It is because all active and reactive power generated by DFIG is

injected to IM (all cases IM). Further increase in λG first increases loading margin and then decreases. This decrease is because of saturation of

reactive power limit of DFIG. Further increase in λG results a constant value of loading margin; it is attributed to functioning of DFIG as load

bus. The continuation of the SN bifurcation curve highlights that for small values of Pw (less than 1.1 pu) for IM1 and IM2 and less than 0.8 pu

for IM3, the SN bifurcation point occurs at higher loading level values. On the other hand, for wind generation levels over 2.0 pu for IM1 and

IM2 and over 0.8 pu for IM3, the SN bifurcation point occurs at smaller loading.
Two‐parameter bifurcation for load bus voltage; the principle bifurcation parameter is the loading margin induction motor load 1
re can be viewed at wileyonlinelibrary.com]

http://wileyonlinelibrary.com


FIGURE 12 Bifurcation lines in two parameter space: (A) case of IM1, (B) case of IM2, and (C) case of IM3 [Colour figure can be viewed at
wileyonlinelibrary.com]
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There is no occurrence of HB with the IM2 and IM3 models. IM1 load models, which is constant stresses the system the most. Since IM2

model has mechanical load with a strong linear dependence on speed and IM3 has a load with a strong quadratic dependence on speed, IM2

and IM3 models are the least demanding one. These results are consistent with what is available in the literature related to power system stability.

6.2.3 | Composite load model

Two‐parameter bifurcation surface (Figure 13A) is shown for the different possible values of λL and λG for composite load. Figure 13B is showing

bifurcation lines in two‐parameter space for composite load. HB is also observed for composite load. The line for SNB is shown in red, LIB (QG) in

green, and HB in blue.
FIGURE 13 Two‐parameter bifurcation and bifurcation lines in two parameter space. Case of composite load [Colour figure can be viewed at
wileyonlinelibrary.com]

http://wileyonlinelibrary.com
http://wileyonlinelibrary.com


SAIDI ET AL. 15
From Figure 13B, the SNB for composite load λL remains constant with its maximum value λL,max = 1.1 pu for λG: [0 → 1.5]. λL is drops to its

minimum value λL,min = 0.3 pu at λG = 2.3 pu with λG: [1.5→ 2.3]. The LIB (QG) λL remains constant λL = 0.2 pu for the values λG: [0→ 0.5]; then, λL
is increasing up to its maximum value λL,max = 0.41 pu at λG = 1.4 pu and drops down to its minimum value λL,min = 0.18 pu at λG = 2.1 pu and

remains at this value up to λG = 2.3 pu for the values λG: [0.5 → 2.3].

The introduction of IM1 in composite load model, an oscillatory behavior is observed. Varying λG and λL simultaneously, HB points are iden-

tified. When λL is increasing from 0.8 pu and reaching its maximum value, λL,max = 1.1 pu at λG = 0.5 pu with λG: [0 → 0.5]. λL is drooping to its

minimum value λL,min = 0.00 pu at λG = 1.2 pu with λG: [0.5 → 1.2]. Further, λL varies between these two limits for λG: [1.2 → 1.9].

The loading margin for composite load model with LIB (QG) and SNB is the same as explained in a static load case. But with HB in the first

portion of increase in λG, loading margin is increasing and then decreasing to 0; it is because of the presence of IM. In the second portion, further

increase in λG results in recovery in the loading margin which is attributed to the presence of exponential recovery load, because this load regu-

lates its active and reactive power by adjustment of its parameters. The continuation of the SN bifurcation curve highlights that for small values of

Pw (less than 1.6 pu), the SN bifurcation point occurs at higher loading level values. On the other hand, for wind generation levels over 2.0 pu, the

SN bifurcation point occurs at smaller loading.
7 | CONCLUSION

A comparative stability analysis for a five‐bus system based on two‐parameter bifurcation, wind power generation, and loading margin has been

studied using bifurcation diagram of variable speed wind turbine based on DFIG and various types of loads. It is established that assessment of

maximal wind generation margin in the system highly depends on information about correct load models. It also concludes that power system

small‐signal stability and safety may be maintained by the values of occurrence of bifurcation points. It is evident from the experiment that

connecting thermostatic controlled load provides the opportunities to maximize the generation margin stability of the power system. Moreover,

most critical load for the generation margin stability of the wind power system has been influenced by the mechanical load of the induction motor

which has a strong linear dependence on speed. The nature of the load shifts the location of the bifurcation points in the bifurcation diagram. The

maximum deliverable power generation margin is determined by the location of the bifurcation points. Thus, maximum deliverable power gener-

ation margin is controlled by the nature of the load.
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Appendix A.

Dynamic data of the DFIG11
Parameters Descriptions Values

Pn Power rating 2 MW

Vn Voltage rating 0.69 kV

F n Frequency rating 50 Hz

Rs Stator resistance 0.01 pu

Xs Stator reactance 0.1 pu

Rr Rotor resistance 0.01 pu

Xr Rotor reactance 0.08 pu

Xm Magnetizing reactance 3 pu

Hm Rotor inertia 3 s

Kp Pitch control gain 1

Tp Pitch control time constant 3 s

Kv Voltage control gain 10

Tε Power control time constant 0.01 s

R Rotor radius 75 m

P Number of poles 4

nb Number of blades 3

ηGB Gear box ratio 0.011236
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